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Abstract—The acquisition of the signal from the satellite
based positioning systems, such as GPS, Galileo, and Compass,
encounters challenges in the urban streets, indoor. For improving
the acquisition performance, the data accumulation is usually
performed to improve the signal-to-noise ratio which is defined
on the second order statistics. Different from the conventional
approaches, the acquisition based on higher order cyclostatistics
is proposed. Using the cyclostatistics, the estimation of the initial
phase and Doppler shift of the signal is presented respectively.
Afterwards, a joint estimator is introduced. The analysis in
this paper is performed on GPS signal. Indeed, the proposed
estimation method can be straightforwardly extended to acquire
the signal from the other satellite positioning systems. The
simulation and experiment results demonstrate that the proposed
signal acquisition scheme achieves the detection probability of 0.9
at the CNR 28dBHz.
I. INTRODUCTION
With the extension satellites based positioning and naviga-
tion service, the GPS receiver encounters the problem of the
signal acquisition in the challenging environments, such as
indoor, on urban street and in woods with dense leaves [1].
In these environments, the GPS signal becomes weak and can
hardly be acquired by the receivers. To solve the problem,
the studies on the weak GPS signal acquisition methods are
widely performed. Generally, these GPS signal acquisition
methods can be divided into two main categories. First, piling
up GPS data is adopted to increase SNR [2]–[6]. Second,
mitigating the interference from the noise, the jamming signal
and the unexpected GPS signals [7]–[9] is another approach
to improving GPS signal acquisition performance.
Coherent accumulation is a classical method of acquiring
weak GPS signal acquisition. Even though the SNR increases
with the extending accumulated GPS signal length, the co-
herently accumulated signal length does not goes beyond
10ms due to the data bit transition. To improve the SNR
furthermore, Psiaki [2] studied two non-coherent GPS signal
accumulation methods, full-bit and half-bit GPS signal acqui-
sition methods, which noncoherently pile up the GPS data
to improve the GPS signal acquisition performance. In the
condition that the carrier-to-noise (CNR) is larger than zero,
the GPS signal noncoherent accumulation will generate the
higher SNR. However, the accumulated GPS data duration can
not be extended without limits. The noncoherent GPS signal
accumulation will induce square loss; and the Doppler shift
will also limit the accumulated GPS signal length extension.
Thus, the GPS signal acquisition performance improvement
by the noncoherent GPS signal accumulation is limited. At the
direction of increasing SNR by piling up the GPS data, dif-
ferential coherent accumulation method is also employed [3],
[4]. The differential coherent accumulation based acquisition
method sums up the products of two adjacent coherent results.
The GPS signal acquisition method increases the Doppler shift
tolerance which is also insensitive to the data bit transition.
Thus for differential coherent accumulation the constraint on
the GPS signal data length extension is not so strict as the
coherent accumulation which length is shorter than 10ms in
usual cases. However, the shortage of the differential coherent
accumulation is obvious that the SNR gain efficiency is not
high enough compared with coherent accumulation method in
the condition of the small Doppler shift.
Wang etc. [7] employed the noise subspace tracking algo-
rithm to reduce the degradation from the interference which is
a kind of spatial filtering method. The noise subspace tracking
method depends on an antenna array to implement beam
forming to mitigate the interference. Inevitably, the antenna
array will increase the cost of the GPS receiver. Morton etc. [8]
studied the GPS signal self-interference mitigation method
by subspace projection. However, in the study of Morton,
the non-orthogonality between the different GPS signal is ne-
glected of, that is, the cross-correlation result between different
pseudorandom codes is not exact zero. Huang and Pi [9]
studied the interference between the different GPS signals
which is called the near-far effect in GPS signal acquisition.
Three different kinds of solutions to the near-far problem are
proposed. Unfortunately, there is no one general method which
can handle all the three kinds of the near-far problems. Besides
that, the coexistence of multiplicative and additive noise in
GPS signal is deeply studied [10].
Huang etc. [11] proposed a GPS signal detection algorithm
which employed Duffing chaotic oscillator to detect the weak
GPS signals. The GPS signal detection algorithm utilizes the
immunity to noise and sensitivity to the periodical signals.
GPS signal has two periods possessed by the carrier and
the pseudorandom code. Meanwhile, the noise is of no any
periodicity in usual cases. The external periodical force from
the periodic input signal will change the state of the chaotic
oscillator by which the GPS signal is detected. However,
there is a gap between the algorithm study and the hardware
implementation since the chaotic oscillator based GPS signal
acquisition method demands for the quite heavy computation
burden. Also, Liu etc. [12] and Sahmoudi etc. [13] studied
the degraded GPS signal tracking algorithm in the challenging
environments with dense multipath and jamming signal. As we
know, the tracking algorithm in the challenging environments
makes sense only after the weak GPS signal is successfully
acquired. The studies on improving hardware of GPS receiver
are performed in [14]–[16]. The mobile states assisted posi-
tioning performance improvement is studied in [17].
Indeed, the GPS signal possesses cyclostationary feature
which enables the GPS receiver distinguish the expected GPS
signal from the background noise and jamming signal. To
the best knowledge of the author, few publications refers to
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2utilizing the cyclostastionary feature to acquire the weak GPS
signal.
In the 1950s, cyclostationary feature was proposed to char-
acterize the statistics which is non-stationary but periodic.
Since the 1980s Gardner W.A. has performed wide and deep
research work on the cyclostatistics and the related applica-
tions [18]–[24]. Until now, there are huge amount of signal
processing algorithms based on cyclostatistics in the various
fields. However, as the author can refer, there is no publication
on GPS signal detection based on the cyclostationary feature.
In this paper, the cyclostationary feature of the GPS sig-
nal is analyzed firstly; after that, the GPS signal detection
method based on cyclostatistics is proposed and the detection
performance is analyzed; also the initial pseudorandom code
phase and the Doppler shift estimation methods are studied;
in the end part of this article the simulations and experiments
are carried out to test the effectiveness of the proposed GPS
signal acquisition scheme.
II. CYCLOSTATIONARY FEATURE AND CYCLIC SPECTRUM
OF GPS SIGNAL EQUATIONS
The GPS signal is represented by s(t). The s(t) is the time
period of 1ms is given by
g(t) =
1022∑
k=0
c(k)q(t− kTc − t0) cos(2pif0t+ θ0). (1)
where Tc denotes the time duration of one pseudorandom code
chip. q(t) is the square wave with duration, q(t) = 1 for
0 ≤ t ≤ Tc, otherwise, q(t) = 0. t0 is the initial pseudorandom
code phase. f0 is the signal carrier frequency. θ0 is the initial
phase of the carrier.
To investigate the cyclostationary feature of GPS signal, we
calculate the mean and the variance of s(t)
In one period of C/A code, due to ergodic feature, the mean
value of s(t) is approximately calculated by
Ms =
∫ T0
0
s(t)dt
=
∫ T0
0
1022∑
k=0
c(k)q(t− kTc − t0) cos(2pif0t+ θ0)dt
≈ 0,
(2)
where T0 denotes the period of C/A code.
The autocorrelation of the GPS signal s(t) is written as
Rs(t, τ) =
∫ t+∆t
t
s(t)s(t+ τ)dt (3)
Since s(t) is periodic at the period of T0, that is, s(t+T0) =
s(t), we have
Rs(t+ T0, τ)∆t =
∫ t+∆t
t
s(t+ T0)s(t+ T0 + τ)dt
=
∫ t+∆t
t
s(t)s(t+ τ)dt
= Rs(t, τ)∆t
(4)
Based the results in the previous several steps, the mean
value of GPS signal is constant and autocorrelation function is
periodic versus time. Therefore, GPS signal is cyclostationary.
The derivation is according to the definition by Gardner.
Because of the periodicity in the GPS signal autocorrelation
function, Fourier series of the periodic function can be calcu-
lated as follows,
Rs(t, τ) =
+∞∑
n=−∞
R
n
T0
G (τ)e
j2pi nT0
t (5)
where nT0 is the cyclic frequency, n ∈ Z and
R
n
T0
G (τ) =
∫
∆t
RG(t, τ)e
−j2pi nT0 tdt (6)
For derivation convenience, let α denote the cyclic fre-
quency, α = nT0 . R
n
T0
G (τ) is thecyclic-autocorrelation function
at cyclic frequency at α. According to the definition, the cyclic
spectrum, denoted by SαG(f), is calculated as follows,
SαG(f) =
∫
RG(t, τ)e
−j2pifτdt (7)
Until now, the background of cyclostatistics and the cyclo-
stationary feature of GPS signal are introduced. Next, we will
present the cyclostatistics based initial code phase estimation
method.
III. CYCLIC-SPECTRUM BASED INITIAL CODE PHASE
ESTIMATION
To successfully acquire GPS signal, we need to obtain the
two information, initial pseudorandom code phase and the
Doppler shift. As the prime acquisition taks, initial phase esti-
mation based on cyclicspectrum is introduced in this section.
A. Conventional Initial PN Code Phase Estimation
Remember g(t) denotes the ideal GPS signal. The received
one is denoted by r(t). Let τ denote the pseudorandom (PN)
phase difference between g(t) and r(t) and τ < |T0|. With
the definitions, the received signal r(t) is written as follows
r(t) = A · g(t−D) + ξ(t) (8)
The conventional initial phase estimation is based on the
peak detection on the correlation between the ideal signal g(t)
and the received one r(t). The correlation can be straightfor-
wardly obtained as follows,
RR,G(τ) = A ·RG(τ −D) +RΞ,G(t, τ). (9)
To implement the peak detection, we smoothly change the
value of τ within the duration of T0. Since the noise ξ is
uncorrelated with the signal g(t), RΞ,G approaches to zero in
the high SNR case. Thus, the correlation RR,G is determined
by the autocorrelation function RG. When τ = D, RG reaches
the maximum value, so RR,G does. The peak detection is
completed.
The conventional acquisition method can easily imple-
mented. However, when GPS encounters severely degraded
noise, RΞ,G no longer approaches to zero; thus the autocor-
relation result will submerge in the background noise and the
peak detection can not be successfully achieved.
B. Initial Phase Estimation Method Based on Cyclic-spectrum
Correlation
As shown previously, GPS signal is cyclostationary, while
the noise does not. In the interference channel, jamming signal
3might be cyclostationary or not. Even for cyclostationary jam-
ming signal, its cyclostationarity is different from that of the
expected GPS signal. Therefore, we are able to detect the GPS
signal from the background with strong noise and interference.
Concretely speaking, the cyclic-spectrum is utilized to estimate
the initial PN code phase.
Let g′(t) denote the replica of g(t) with a phase shift
δ, that is, g′(t) = g(t − δ). SαG′,G(f) denotes the cyclic-
spectrum calculated from g(t) and g′(t), and SαR,G(f) denotes
the cyclic-spectrum calculated from the received signal r(t)
and g(t). The cyclic-spectrum SαR,G is calculated by
SαR,G(f) = F
{
RαR,G(τ)
}
= F
{
lim
T→∞
1
T
∫ T
−T
(
(g(t−D + τ2 ) + ξ(t))·g∗(t− τ2 )
)
e−j2piαtdt
}
(a)
= F
{
lim
T→∞
1
T
∫ T
−T
(
g(t− D2 +
(
τ
2 − τ2
)
)
·g∗(t− D2 −
(
τ
2 − τ2
)
)
)
e−j2piαtdt
}
=F {RαG(τ −D)e−jpiαD}
=SαG(f)e
−j2pi(α2 +f)D
(10)
where (a) follows that the cyclostatistic of noise is zero when
α 6= 0.
Similarly, we calculate SαG′,G which is listed as follows,
SαG′,G(f) = S
α
G(f)e
−j2pi(α2 +f)δ (11)
The similarity between the two cyclic-spectrum is calculated
to complete the estimation of the initial PN code phase. Let
Dec denote the similarity which is calculated as follows,
Dec =
∫ ∞
−∞
SαG′,G(f)
∗
SαR,G(f)df
=
∫ ∞
−∞
|SαG(f)|2e−j2pi(
α
2 +f)(δ−D)df
(12)
From (12), when
− j2pi
(α
2
+ f
)
(δ −D)→ 0, (13)
Dec approaches the maximum. According to the result, the
initial pseudorandom code phase delay D can be obtained by
calculating the maximum absolute value of the cyclic-spectrum
correlation.
Until now, the theoretic proof on the initial phase delay
estimation based on the cyclic-spectrum is completed. How-
ever, the calculation performed in the derivation is far from
a practical case. Next, we will propose a practical scheme to
implement the cyclic-spectrum based initial phase estimation.
C. Practical Scheme of the Cyclic-spectrum Based Initial
Phase Estimation
According to the definition, the cyclostatistics RαR,G(τ) is
calculated by
RαR,G(τ) = lim
T→∞
1
T
∫ T
2
−T2
(
(r(t+ τ2 )e
−jpiα(t+ τ2 ))
·(g(t− τ2 )e−jpiα(t−
τ
2 ))
)
dt
(14)
According to the previous analysis results, RαR,G(τ) is
periodic at the period of T0. The cyclic-spectrum SαR,G(f)
is calculated as follows,
SαR,G(f) =
1
T0
∫
T0
RαR,G(τ)e
−j2piτfdτ
=
1
T0
∫
T0
1
T
lim
T→∞
∫ t+T2
t−T2
(
(r(ζ + τ2 )e
−jpiα(ζ+ τ2 ))
·(g(ζ − τ2 )e−jpiα(ζ−
τ
2 ))
)
dζe−j2piτfdτ
= lim
T→∞
1
T
∫ t+T2
t−T2
1
T0
∫
T0
(
(r(ζ + τ2 )e
−jpiα(ζ+ τ2 ))
·(g(ζ − τ2 )e−jpiα(ζ−
τ
2 ))
)
dτe−j2piτfdζ
= lim
T→∞
1
T
∫ t+T2
t−T2
1
T0
∫
T0
 (r(ζ + τ2 )e−jpi(α2 +f)(ζ+ τ2 ))
·
(
g(ζ − τ2 )e−jpi(−
α
2 +f)(ζ− τ2 )
)∗
 dτdζ
= lim
T→∞
1
T
∫ ∞
−∞
1
T0
∫
T0
(
(r(ζ + τ2 )e
−jpi(α2 +f)(ζ+ τ2 ))
·(g(ζ − τ2 )e−jpi(−
α
2 +f)(ζ− τ2 ))∗
)
dτdζ
· ⊗recT (t)
(15)
where
recT (a) =
{
1
T , |a| ≤ T2
0, |a| > T2
(16)
For derivation simplicity, we define two auxiliary variables,
RT0(t, f) and GT0(t, f) as follows,
RT0(t, f) =
1√
T0
∫
T0
r(t+
τ
2
)e−j2pi(
α
2 +f)(t+
τ
2 )dτ ⊗ recT (t)
= R′T0(t, f +
α
2
),
(17)
and
GT0(t, f) =
1√
T0
∫
T0
r(t+
τ
2
)e−j2pi(
−α
2 +f)(t− τ2 )dτ ⊗ recT (t)
= G′T0(t, f −
α
2
),
(18)
where
R′T0(t, f) =
1√
T0
∫ t+T0
t
r(ζ)e−j2pifζdζ
G′T0(t, f) =
1√
T0
∫ t+T0
t
g(ζ)e−j2pifζdζ
(19)
Substituting (17) and (18) into (15), we have the cyclic-
spectrum as follows,
SαR,G(f) = lim
T→∞
1
T
∫ T
2
−T2
RT0(t, f)GT0(t, f)
∗
dt⊗ recT (t)
= lim
T→∞
1
T
∫ T
2
−T2
R′T0(t, f)G
′
T0(t, f)
∗
dt
(20)
Now, the practical scheme in analog time domain is pre-
sented. For the application in the widely used digital circuits,
we next transform the analog practical scheme into discrete
time form. In the discrete time domain, the cyclic-spectrum is
4calculated as follows,
SαR,GD[m] = lim
N→∞
1
N
N∑
n=1
RT0D[n,m]GT0D[n,m]
∗
= lim
N→∞
1
N
N∑
n=1
R′T0D
[
n,m+
Φ
2
]
G′T0D
[
n,m− Φ
2
]∗
= lim
N→∞
1
N
N∑
n=1
 ( 1√M ∑n+Mm=n+1 r[n]e−j2pi(m+ Φ2 )pts)
·
(
1√
M
∑n+M
m=n+1 g[n]e
−j2pi(m−Φ2 )pts
)∗

(21)
where fs is the sampling frequency and ts is the sampling
period; Φ denotes the shift in the frequency domain caused by
cyclic frequency α which is calculated by Φ = 2·floor
(
α
2fs
)
.
For a more intuitive understanding on the practical scheme,
we present a block diagram of the practical cyclic-spectrum
based initial phase estimation scheme. The block diagram is
shown in Fig. 1
In Fig. 1, the central frequency of the band-pass filter A is
located at α2 +f with bandwidth of ∆f ; the central frequency
of the band-pass filter B is located at −α2 + f with bandwidth
∆f ; the central frequency of band-pass filter C is located at
α with bandwidth of 1∆t .
In processing shown in Fig. 1, to alleviate the frequency
leaking problem, frequency smoothing is performed. The
bandwidth of the frequency smoothing window is equal to
∆f . We define I as,
I =
⌊
∆f
fs
⌋
. (22)
Let S˜αR,GD[m] denote the cyclic-spectrum after the smooth-
ing operation which is calculated as follows,
S˜αR,GD[m] =
1
N
N∑
n=1
1
I
I−1
2∑
i=− I−12
(
(R′T0D
[
n,m+ Φ2 + i
]
)
·(G′T0D
[
n,m− Φ2 + i
]∗
)
)
(23)
Fig. 2(a) and Fig. 2(b) illustrate the cyclic-spectrum of the
GPS signal before and after the frequency smoothing. From
Fig. 2, we can observe the frequency leaking problem is
released after the smoothing operation.
D. Initial PN Code Phase Iterative Estimation Scheme
The block processing based initial phase estimation method
is presented in the previous subsection. The block operation
requires the large duration of data which generates processing
delay. To solve the problem, we propose a iterative structure
based initial phase estimation scheme in this subsection.
Remember that the received GPS signal in the discrete time
domain is written as r[n] = g[n−D] + ξ[n]. According to the
conclusion in [25], g[n−D] can be approximately expanded
by a set of sinc functions as follows,
g[n−D] =
P∑
i=−P
sinc(i−D)g[n− i], (24)
where sinc(x) is equal to sin(x)x for x 6= 0 and 1 for x = 0;
P is a positive integer larger than D.
We calculate the cyclostatistics from r[n] and g[n] as
follows,
RαR,G[nτ ] =
〈
(g[n−D] + ξ[n]) g[n− nτ ]e−j2piαnts
〉
∆t
,
(25)
where 〈·〉∆t = 1∆t
∫
∆t
; ∆t is equal to the data length in the
calculation, ∆t = N · ts; and n = b τts c.
The noise ξ is not cyclostationary for α ≥ 1. Thus, we have
RαΞ,G = 0 and R
α
R,G is rewritten as follows,
RαR,G[nτ ] =
〈
g[n−D]g[n− nτ ]e−j2piαnts
〉
∆t
, (26)
Substituting (24) into (26), we have
RαR,G[nτ ] =
〈(∑P
i=−P sinc(i−D)g[n+ nτ2 − i]
)
·e−jpiαntsg[n− nτ2 ]e−jpiαnts
〉
∆t
=
P∑
i=−P
(
sinc(i−D)e−jpiαits
· 〈g[n+ nτ2 − i]e−jpiα(n−i)tsg[n− nτ2 ]e−jpiαnts〉∆t
)
=
P∑
i=−P
sinc(i−D)e−jpiαitsRαG[nτ − i],
(27)
Next, we define the cost function built on the cyclostatistics
as follows,
ε(k, nτ ) =R
α
R,G[nτ ]
−
P∑
i=−P
sinc(i− Dˆ[k])e−jpiαitsRαG[nτ − i],
(28)
where Dˆ[k] denotes the estimation of the phase delay D after
k-th iterative computation.
From (28), we have the square of the cost function as
follows,
J =
Nτ∑
nτ=−Nτ
|ε(k, nτ )|2, (29)
Next, we calculate the derivate function of J versus the
estimated initial PN code phase delay Dˆ[k],
∇ˆ[k] = ∂J
∂Dˆ[k]
= 2
Nτ∑
nτ=−Nτ
ε(k, nτ )
P∑
i=−P
f
(
i− Dˆ[k]
)
RαG[nτ − i],
(30)
where f(x) = cos(pix)−sinc(x)x and Nτ is the maximum initial
phase shift.
Afterwards, we have the iterative code phase estimation
method which is under the rule of minimum square error. The
method is shown below,
Dˆ[k + 1] = Dˆ[k]− µ∇ˆ[k], (31)
where µ is the step in the iterative computation.
To present a intuitive impression, Fig. 3 illustrates the block
diagram of the iterative estimator.
IV. DOPPLER SHIFT ESTIMATION BASED ON
CYCLIC-SPECTRUM
For analysis simplicity, we first consider the GPS signal
with Doppler shift, but no phase delay. From such an ideal
signal, we estimate the Doppler using a cyclic-spectrum based
5Fig. 1. GPS signal acquisition block diagram based on cyclic-spectrum correlation
(a) GPS signal cyclic-spectrum before
smoothing
(b) GPS signal cyclic-spectrum after
smoothing
Fig. 2. GPS signal cyclic-spectrum smoothing demo
method. In the next section, we will extend the method to
acquire the practical GPS signal which is with both Doppler
shift and phase delay.
Still, let r(t) denote the GPS signal which is written as
follows,
r(t) = g(t)ej2pifdt + ξ(t), (32)
where fd is equal to the Doppler shift value.
A. Conventional Doppler Estimation Method
The conventional Doppler shift estimation is based on
measuring the similarity between r(t) signal l(t) with respect
to the second order statistics. With the consideration of the
periodicity of PN code, the correlation function of GPS signal
can be written as
R(t, τ) =
1
T
∫ t+T
t
[
g(ζ)ej2pifdζ + ξζ
]
g(ζ − τ)e−j2pifd(ζ−τ)dζ,
(33)
where T is n times the PN code period, T = n× T0.
Since the GPS signal g is uncorrelated with the noise ξ and
the mean of ξ is zero,
R(t, τ) =
1
T
∫ t+T
t
g(ζ)g(ζ − τ)ej2pi(fd−fdl)ζ+j2pifdlτdζ,
(34)
Let ∆f denote the frequency difference between the
Doppler shift fd and fdl, ∆f = fd − fdl. R(t, τ) is further
6Fig. 3. Iterative initial phase estimation block diagram
derived as follows,
R(t, τ) =
1
T
ej2pifdlτ
∫ t+T
t
g(ζ)g(ζ − τ)ej2pi∆fζdζ
=
1
T
ej2pifdlτ
∫ ∞
−∞
(
g(ζ)g(ζ − τ)ej2pi∆fζ
·(u(ζ − t)− u(ζ − t− T ))
)
dζ
(a)
=
ej2pifdlτ
T
∫ ∞
−∞
(
g(ζ)g(ζ − τ)ej2pi∆fζ
·(u(ζ − t+ T2 )− u(ζ − t− T − T2 ))
)
dζ
(35)
where (a) follows the periodicity.
Furthermore, we straightforwardly find that
|R(t, τ)|
=
1
T
∣∣∣∣∫ ∞−∞
(
g(ζ)g(ζ − τ)
·(u(ζ − t+ T2 )− u(ζ − t− T − T2 ))
)
dζ
∣∣∣∣
= : |R(t, τ)|max,
(36)
where the equality is achieved at ∆f = 0.
According to Parseval principle, we have
|R(t, τ)|max =
∣∣∣∣∫ ∞−∞G2(f)sinc(fT )df
∣∣∣∣ , (37)
where G(f) is the Fourier transform of g(t).
In the sense of 3dB bandwidth (B3dB = 0.6034T ) for the sinc
function, the equation above can be written as
|R(t, τ)|max ∼= 1
2
∣∣∣∣∣
∫ B3dB
−B3dB
G2(f)df
∣∣∣∣∣ , (38)
In real cases, ∆f can not exactly be equal to zero, but very
small value, ∆f  B3dB100 . Then, we have
|R(t, τ)|max =1
2
∣∣∣∣∫ ∞−∞G2(f)δ(f −∆f)sinc(fT )df
∣∣∣∣
∼=
∣∣∣∣∣
∫ B3dB
−B3dB
G2(f −∆f)df
∣∣∣∣∣ .
(39)
From (39), we can adjust the value of fdl to make it
7approach to fd such that ∆f becomes small. Since the small ∆
induces the maximum absolute correlation value, the Doppler
shift can be determined by searching the maximum value of
|R(t, τ)|max.
B. Doppler Estimation Based on Cyclic-spectrum
In this subsection, we introduce a method of estimating
Doppler based on the cyclostatistics of GPS signal. The
cyclostatistic of the received signal at cyclic frequency α is
calculated as follows,
RαR(τ) = lim
T→∞
1
T
∫ T
2
−T2
r(ζ +
τ
2
)r(ζ − τ
2
)e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
( (
g(ζ + τ2 )e
−j2pifd(ζ+ τ2 ) + ξ(ζ + τ2 )
)
· (g(ζ − τ2 )e−j2pifd(ζ− τ2 ) + ξ(ζ − τ2 ))
)
·e−j2piαζdζ
(a)
= lim
T→∞
1
T
∫ T
2
−T2
g(ζ +
τ
2
)g(ζ − τ
2
)e−j2pi(α−2fd)ζdζ.
(40)
where (a) follows that the cyclostatistics of the noise at high
order cyclic frequency is equal to zero.
With the similar derivations, we calculate Rα,GR (τ) as fol-
lows,
RαR,G(τ) = lim
T→∞
1
T
∫ T
2
−T2
(
(g(ζ + τ2 )g(ζ − τ2 ))
·e−j2pi(α−fd−fdl)ζ
)
dζ. (41)
Afterwards, we calculate the correlation between the cyclo-
statistics RαR,G and R
α
R which is taken at the statistics used
for Doppler estimation,
Dec =
1
∆t
=
∫
∆t
RαR,G(τ)R
α
R(τ)
∗
dτ. (42)
From (42), the absolute of Dec reaches the maximum at
fd = fdl. Based on the results, we are able to calculate Dec at
different fdl’s and select the largest |Dec|. The corresponding
fdl is the estimation of fd, that is,
fˆd = arg max
fdl
{Dec(fdl)}. (43)
V. JOINT ESTIMATION OF INITIAL PN CODE PHASE AND
DOPPLER BASED ON CYCLIC-SPECTRUM
In this section, the cyclic-spectrum of GPS signal is utilized
to estimate the initial PN code phase and the Doppler shift in
a joint way. Let l(t) denote the locally generated GPS signal
with a combination of configurable initial phase and Doppler
shift. Let RαR,L(τ) denote the cyclostatistics calculated from
r(t) and l(t) at the cyclic frequency of α. RαR,L(τ) is calcu-
lated as follows,
RαR,L(τ) = lim
T→∞
1
T
∫ T
2
−T2
r(ζ +
τ
2
)l(ζ − τ
2
)e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
[
g(ζ +
τ
2
) + ξ(ζ +
τ
2
)
]
l(ζ − τ
2
)e−j2piαζdζ
(a)
= lim
T→∞
1
T
∫ T
2
−T2
g(ζ +
τ
2
)l(ζ − τ
2
)e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
(
(g(ζ + τ2 −D)ej2piα(ζ+
τ
2 ))
·(g(ζ − τ2 −Θ)ej2piα(ζ−
τ
2 ))
)
e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
(
g(ζ − D−Θ2 + ( τ2 − D−Θ2 ))
·g(ζ − D−Θ2 − ( τ2 − D−Θ2 ))
)
·ej2pi(fd+fdl−α)ζd(ζ − D−Θ2 )
= Rfd+fdl−αG (τ −D −Θ)ej2pi(fd+fdl−α)
D−Θ
2 ,
(44)
where (a) follows that the cyclostatistics of the noise at high
order cyclic frequency is equal to zero.
Similarly, the cyclostatistics RαR is calculated as follows,
RαR(τ) = lim
T→∞
1
T
∫ T
2
−T2
r(ζ +
τ
2
)r(ζ − τ
2
)e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
(
(g(ζ + τ2 −D)ej2piα(ζ+
τ
2 ))
·(g(ζ − τ2 −Θ)ej2piα(ζ−
τ
2 ))
)
e−j2piαζdζ
= lim
T→∞
1
T
∫ T
2
−T2
g(ζ −D + τ2 )g(ζ −D − τ2 )
·ej2pi(2fd−α)ζd(ζ −D)
= R2fd−αG (τ)e
j2pi(2fd−α)D.
(45)
The corresponding cyclic-spectrum is calculated as follows,
SαR,L(f) = F{RαR,L(τ)}
= F{Rfd+fdl−αG (τ −D −Θ)ej2pi(fd+fdl−α)
D−Θ
2 }
= Sfd+fdl−αG (f)e
−j2pif(D−Θ)ej2pi(fd+fdl−α)
D−Θ
2 ,
(46)
and
SαR,L(f) = F{RαR(τ)}
= F{Rfd+fdl−αG (τ)ej2pi(2fd−α)D}
= S2fd−αG (f)e
j2pi(2fd−α)D.
(47)
With the calculated cyclic-spectrum SαR,L and S
α
R, we
calculate the statistics used for joint estimation as follows,
Λde =
∫ ∞
−∞
SαR,L(f)S
α
R
∗(f)df
= ej2pi(fd+fdl−α)
D−Θ
2 ej2pi(2fd−α)D
·
∫ ∞
−∞
Sfd+fdl−αG (f)S
2fd−α
G (f)
∗
e−j2pif(D−Θ)df
(48)
The absolute value of Λdec,
|Λde| =
∣∣∣∣∫ ∞−∞ Sfd+fdl−αG (f)S2fd−αG (f)∗e−j2pif(D−Θ)df
∣∣∣∣ ,
(49)
is used for the peak searching.
From (49), we can achieve the GPS acquisition by peak
searching the |Λde| over the two dimensions of initial phase
and Doppler. More concretely, we granularly change is value
of Θ and fdl and calculate the corresponding |Λde(Θ, fdl)|.
8At the maximum value, the initial phase delay and Doppler
shift of the GPS signal are obtained,
(Θˆ, fˆdl) = arg max
Θ,fdl
{|Λde(Θ, fdl)|}, (50)
To test the cyclic-spectrum based GPS signal acquisition
scheme, we first calculate the corresponding receiver operating
characteristic curve (ROC) which is plotted in Fig. 4.
Fig. 4. Receiver operating characteristic curve of the proposed cyclic-
spectrum based GPS detection scheme
From Fig. 4, the cyclic-spectrum based GPS acquisition
scheme has better ROC curve which is more convex than the
one for correlation based detection scheme. The advantage is
due to the fact that GPS signal is immune to noise at high
order cyclic frequency.
Fig. 5. Error curve in iterative computations at 44dBHz
We also perform simulations to test the time delay esti-
mation based on cyclic-spectrum of GPS signal which takes
the form of iterative computation. Still, the correlation based
data accumulation method is taken as the reference. In the
experiment, the data length is equal to 20ms; iteration step is
0.03; sampling frequency is 5MHz. At the configuration, the
corresponding value of P is equals to 2500; the initial value
of time delay Dˆ(0) is set to one.
Fig. 6. Error curve in iterative computations at 28dBHz
Fig. 5 illustrates the error curve in the first 500 iteration
times at the CNR of 44dBHz which corresponds to the LOS
channel condition. From Fig. 5, both the conventional method
and the cyclostatistics based one can achieve successful esti-
mation in high SNR condition, while the cyclostatistic based
method converges faster than the conventional one. Fig. 6
shows the results at CNR 26dBHz which corresponds to
the channel condition with severe degradation. In Fig. 6,
conventional method can not achieve the successful estimation
on initial PN code phase while cyclostatistics based estimation
method can.
Furthermore, to test the performance at more signal condi-
tions, detection probabilities at different CNR are calculated
and the results are plotted in Fig. 7. As a contrast, the
noncoherent detection is also performed. In the experiments
the threshold is set aiming at one false alarm among 106 times
experiments which guarantees the false alarm probability at
10−6.
Fig. 7. GPS signal detection performance comparison
From Fig. 7, the cyclic-spectrum based method outperforms
the noncoherent accumulation based method. The detection
probability of the cyclic-spectrum based method approaches
90.9 at 28dBHz CNR, while the conventional method based
on the 100ms noncoherent accumulation approaches 0.9 at
32dB/Hz.
VI. CONCLUSIONS
Since the mean of the GPS signal approaches zero and the
correlation function is periodic, GPS signal is cyclostationary.
We thus utilize the cyclostationary feature detect GPS signal
acquisition at low CNR. Due to the non-cyclostationarity of
Gaussian noise and the unconsistent cyclostationary feature of
the jamming signal, the GPS signal can be distinguished from
the background noise and the interference more easily.
The cyclostationary feature of the GPS signal is illustrated
and the cyclic-spectrum of the GPS signal presented firstly;
We first introduce how to utilize the cyclic-spectrum to
estimate initial phase of pseudorandom code and Doppler
shift respectively. An iterative estimation scheme is also pro-
posed. Afterwards, a joint estimation scheme is presented.
The simulation results show that the cyclic-spectrum based
method outperforms the conventional structure which is based
on noncoherent accumulation.
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